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However, the fragment-development component is
not available with SAYTANS7 as yet. The test results
we report have been carried out with a program based
on MULTANS80 which stores information, including
data, in a way different from that in SAYTANB87.
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Abstract

General equations are presented for the diffuse
scattering due to local atomic arrangements and
displacements in disordered alloys having h.c.p.
structure. The scattering due to static and dynamic
displacements is treated separately. The calculations
show that the second-order terms in displacements
are sufficient for observing the direct effect of tem-
perature factors, common to all contributions of
diffuse scattering. A new data analysis scheme, using
asymmetry of diffuse scattering around superlattice
reflections, is presented for a complete separation of
various components.

Introduction

Since the early experiments of Wilchinsky (1944) and
Cowley (1950), most quantitative studies of diffuse
X-ray or thermal neutron scattering to reveal local
atomic arrangements in disordered alloys have been
carried out on systems having f.c.c. structure. The
techniques for interpreting the diffraction pattern,
data and error analysis are still evolving; see Borie
& Sparks (1971), Gragg, Hayakawa & Cohen (1973),
Hayakawa & Cohen (1975), Tibballs (1975), Khanna
(1984) for the latest procedures. Although there are
a large number of alloy phases which possess h.c.p.
structure at high temperatures and which undergo
ordering on cooling, general equations for diffuse
scattering from such alloys have not yet been pre-
sented. Development of these equations and the
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separation procedures will be the principal subject
of this paper.

After a brief review of the diffraction theory for
disordered alloys, general equations are derived for
the diffuse scattering due to short-range order and
displacements (both static and dynamic) from h.c.p.
alloys. Dynamic displacements due to thermal vibra-
tions are treated separately to account properly for
their effect on other components of diffuse scattering.
Procedures for data analysis and separation of various
diffuse scattering components are also discussed.

1. Diffraction theory

From kinematic theory, the total scattered intensity
from a disordered binary alloy can be written as

Lo = 1,21: SuSriexp [iQ . (ru—rpi)].

kk

(1)

fi represents the atomic form factor of an atom
located at position ry. I and k are lattice and sublattice
indices respectively. Q is the diffraction vector. Let
x; be the sublattice fraction of atom i on sublattice
k and let pj, represent the conditional probability
of finding a j-type atom on the k'th sublattice of the
I'th lattice point if there is an i-type atom on the kth
sublattice of the Ith lattice point. Equation (1) may
then be written as (Hayakawa & Cohen, 1975)

Lo = IZ{: x;cﬁkﬂ’k'P;{k' exp [iQ. (ru—rpe)]. (2)

kK
iJj
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Owing to static and dynamic displacements, the
atomic positions ry differ slightly from the average
lattice vector Ry of the disordered alloy. With the
decomposition ry = Ry +uy + 8, where u and 8 are
respectively the static and dynamic displacements,
I, reduces to

Lo = Z xkflkfk Pkk

k,k
iJj

xexp [iQ. (Ru —Ryx)]
x{exp [iQ. (“;k—uf'k')])
x{exp [iQ. (81 —84x)]). (3)

Let us first evaluate the contribution due to dynamic
effects. For small displacements we have

(exp [iQ. (81 —81x)])

~exp [- Q. (85 —81))]. (4)
Since, in a random solid solution, thermal vibrations
are determined only from the averaged interatomic
potential of the alloy, the space and time average in
(4) will depend only on the interatomic vectors and
not on the individual atomic pairs of the alloy. If we
express the value of thermal displacements (Willis &
Pryor, 1975) in terms of lattice vibration modes and

assume the phases of all modes to be independent,
the average in (4) reduces to

exp [—wi(Q)] exp [-wr(Q)I[1+ [,(Q)+...] (5)
where
Ei(q)
w;(q)

l Z E;(q)

2NI[m(k)ym(k")]"?“= w}(q)
x{[Q.e(k|jq)I[Q. e*(k lj@)]
xexp[iq. (Ry —Ryy)]
+[Q . e*(k[jg)][Q . e(k'jq)]
xexp[—iq. (Ru —Ryi)]}. (6b)
my is the mass of an average atom in the kth sublattice
inthe random solid solution and N is the total number
of unit cells in the lattice. E;(q), w;(q) and e(k|jq)
are, respectively, the energy, frequency and polariz-
ation of the vibration mode (jq). I,(Q) represents
terms due to first-order thermal diffuse scattering.
Contributions due to higher-order terms have been

neglected.
Substituting (5) in (3) we have

Lo = ’z;, xjcf;’kf;'k'P:{k’ exp [iQ. (Ry —Ryi)]

kk'
ij

x(exp [iQ. (wk—ul) D1+ L(Q)] (7

wk(Q)——ZIQ e(k/jQP—<=~ (6a)

1L(Q)=

EQUATIONS FOR DIFFUSE SCATTERING FROM DISORDERED ALLOYS

where

S =Ju exp [—or(Q)].

Note that the thermal Debye-Waller factor extends
over all reciprocal space and is not restricted to
the volume just near Bragg peaks Expanding
exp [iQ . (uj —uf,)] as a Taylor series and retaining
terms up to the second order in dispacement, we have

Lo = Z xkxkffj exp [iQ. (R —Ry)]

k,k
+(ILM/N)( % ek (f1 = f)) et
k,k

xexp[iQ.(Ry—Ryp)]
X[z Z xkxk (fz fj) 1" l}

+i IZI Fii{Q. (ui—ul)) exp [iQ. (Ry — Rpy)]
ok
+3 Y Fid[Q. (ui—ui)]?

L
k'
ij

xexp [iQ.(Rx—Ryx)]

+ Z xkf.f,P -exp [iQ . (Rue—R;)11(Q)
k,k
(8)
where
al=1=(Pl/xi) (9a)
Fla "'xkf (x;c'+ _in'a;{k')
X kZ XXl f1 = £})? (9b)
Flo=xixlfifi1-ady)
SRR ES 1 BT
I = NZ Z xkxk(f' f,)z (94)

The first and second sums in (8) represent contribu-
tions due to Bragg reflections and short-range order
(SRO) respectively. « represents the Warren-Cowley
order parameter. The third and fourth sums represent
diffuse scattering due to static displacements and the
fifth one is due to first-order thermal diffuse scattering.
Iy gives the Laue monotonic scattering. For sim-
plicity, the primes on the form factors will no longer
be employed.
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2. Scattering equations for a h.c.p. lattice

We first introduce some notation. In Cartesian co-
ordinates, a position vector R(I, m, n) ina h.c.p. lattice
can be represented as (Khanna, 1982)

R(I, m, n)=1(a/2V3)k+m(a/2)§+n(c/2)z

where [, m and n have integer values. a and ¢ are
respectively the basal lattice constant and the separ-
ation between two atomic planes parallel to the basal
plane. The symmetry of a h.c.p. lattice permits a set
of eight vectors R(=%l,+m, £n) (having identical
absolute values of I, ni and n) for connecting two
points lying on the same sublattice (n even). For
connecting two points lying on different sublattices
(n odd), only a set of four vectors R(l, +m, £n) is
permitted. Another geometric feature of a h.c.p. lattice
is that the reciprocal-lattice vector Q may be
represented as

Q(hy, b3, h3) = (2m/v3a)mixk+ (2m/ a) hiy
+(2m/c)hiz
= hib;+ hyb;+ h;b, (10)

where h}=h,, h,=—3(hi+h}) and h;=h%. The b
vectors represent reciprocal-lattice unit vectors.

From (8), the diffuse intensity from a disordered
h.c.p. alloy can then be written in a form similar to
that for cubic lattices as

In=1Ip/Im
= Ispo+ h1Q«(hy, hs, h3)+h20y(h1, hy, h3)
+h3Q.(hy, hy, h3)+ iR (hy, by, h3)
+h3R,(hy, hy, hs)+ 3R, (hy, by, hy)
+ hyhyS,,(hy, hy, h3) + hyhs3S,.(hy, by, hs)
+hih3Se(hy, by, h3)+ Irps/ Ium (11)

even odd
Isgo=4Y [2 Y Y cos mwhil+ Y Y exp (iwh,l)]
m n 1 n |

X cos mhom cos whynd,,,,

even

Q«(hy, by, h3)=4% [2 Y. ¥ sin wlh,
m n |

odd
+a, ¥ Y exp (imh,l)
n I
X cos mnth, cos Thh3€ 1,

even odd
R, =4% [2 Y Y cos wlh,+ Y Y exp (iquhl)]
m n 1

n I

X cos 7wmh, cos mnh;875,,
even odd
Sy=4Y [2 Y Y.sinalhy—a, ¥ Y exp (iwlhl)]
m n 1 n 1

X sin 7rmh, cos wnhsyin, (12)
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and similarly for other terms.
a = —i for x components
! +1 for y and z components.
The coefficients for these series are defined as
Exd(f—1D? B
a-Imn =2 ka:( ({I {;) B za;{k'(lmn)
i~ kZ L xiexifi=f})
" i>j
Sfm"=2‘ﬂ'i ZZ F;{k’ (Aik')ij)lmn] )
__l J kk (13)
;(mn =477'2 ZZ F;{k'((Ai)i(Ai’)j)lmn]
Lij Kk’
Yion =81 | LY sz’((Ai)i(A{’)j>lmn]
L i j kk

where

Afe=u¥'—uy’ and AV =uy'.

3. Separation of components

For a complete separation of contributions from
different sources, the diffuse scattering data should
be analysed in two steps.

3.1. Borie-Sparks method

As a first step, the data should be analysed accord-
ing to the Borie & Sparks (1971) (B-S) method,
making use of the periodic nature of terms in (11).
For this purpose, the TDS contribution can be
clubbed along with the second-order static displace-
ment scattering (R and S terms). As Isgo, Q, R and
S terms are Fourier series (variation of the ratio of
the atomic scattering factor with the scattering vector
Q being neglected) with a periodicity of two, their
contribution may be separated as follows:

R, =%{[ID(h1, ha, h3) = Ip(hy =2, hy, h3)]

—[Ip(hy =2, hy, b3) = Ip(hy =4, hy, h3)]}
Sxy =¢l_l{[ID(hl » ha, h3) = Ip(hy =2, hy, hs)]

_[ID(hx, h,—2, ha) - ID(hl -2,h,-2, hz)]}
Q« =%{[ID(hl , ha, h3) = Ip(hy =2, hy, hs)]

—4(hy —1)R.(hy, b2, hs)

=2h,So(hy, by, h3) =238, (hy, by, B3)} (14)

and similarly for other terms. Once Q, R and S are
known, Isge can be obtained from (11).

As the basic periodicity is two for cubic and h.c.p.
crystals, the separation expressions for both these
structures have a similar form. But there are some
subtle differences between the two. For example, in
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a cubic crystal we have
Qy(hy, hy, h3) = Qx(hy, by, hy) (15a)
Qz(hlah29 h3)=Qx(h33h2a hl)' (15b)

These equalities arise due to the following assumption
regarding the displacements:

(15¢)

As the lattice response of a cubic crystal is identical
along three crystallographic axes, the distorting forces
are assumed to be radial in nature for (15¢) to hold.
For a h.c.p. crystal, while the assumption regarding
forces is still true, the lattice response is no longer
identical along different crystallographic axes.
Equation (154) still holds due to the isotropy in the
basal plane, but (15b) holds only for crystals having
the ideal c/a ratio and not for highly anisotropic
crystals like zinc and cadmium.

E N U -
Uimn = Umin = Upmi -

3.2. Separation of the thermal component

As a second step we look at the asymmetry of each
term in (11) about the (H00) superlattice points along
the [ HOO0] direction in reciprocal space.

321
Isro symmetric about reciprocal-lattice points. S
terms vanish along the [ H00] direction.

3.2.2

To evaluate the contribution of R terms to the
asymmetry of diffuse scattering, we consider the
microdomain model for disordered alloys (Das &
Thomas, 1974). According to this model, a disordered
binary alloy with persisting short-range order can be
viewed as consisting of a large number of highly
ordered microdomains embedded in a randomly
disordered matrix. The anti-site size effect in these
ordered domains/clusters causes a static displace-
ment of atoms in the cluster itself and affects the
atoms of the disordered matrix in the continuum limit.
As far as scattering around reciprocal-lattice points
is concerned, these clusters can be treated as defects.
A main contribution to diffuse scattering in this region
arises due to the elastic displacement field of the
defect and can be quite intense. However, this contri-
bution vanishes around superlattice reflections due
to space-group reflection conditions. The only contri-
bution to diffuse scattering is then due to the strongly
distorted neighbourhood of the defect. This is very
small, especially near Bragg peaks, as a small number
of atoms (in contrast to the elastic field) participates
in scattering. R terms, which are due to the second
power in static displacements, will in general be quite
small and their contribution to asymmetry can be
neglected.

EQUATIONS FOR DIFFUSE SCATTERING FROM DISORDERED ALLOYS

3.23

Q. terms are asymmetric about reciprocal-lattice
points.

ISs=(H+q)Q.(H+4,0,0)—(H —q)Q.(H —g,0,0)

=8HYY [2 Y. €hmn cos wIH sin wlg
!

m m
odd
+2 Y €jmn €xp (imHI) sin wig
even

= 167quZZ[ T emal(=1)™
I m n

odd
+ Y exp (iTrHI)efm,,]. (16)

The coefficients ¢* are independent of the wave-
vector and remain unaffected.

3.2.4

@ _\ Xk XLfify Ei(q)
T8 = L3N () 7 L w7(@)
kk’
x{[Q.e(k|jq)[Q.e*(k'|jq)]
xexp[iq.(Ryx—R;)]
+[Q.e*(k|jq)][Q.e(k'|jq)]
xexp [~iq. (Ru —Ry)]1} 17)

The contribution from first-order TDS can be split
into two parts: the continuously varying background
due to the Q” terms in (17) and the fairly sharp peaks
at Bragg reflections due to the 1/ w?(q) term. Since in
the disordered phase the average structure consists
of a randomly disordered alloy the peaks in TDS will
appear only near fundamental reflections. Near the
superlattice positions, we have a contribution mainly
from the continuously varying background. Near a
superlattice reflection: Q=H+q, where H is a
reciprocal-lattice vector and q<H, I;ps can be

written as
Itps= sz((I) (18)

where f(q), symmetric with respect to q— —gq, can be
obtained from (17) in a straightforward manner. The
asymmetric part of TDS about (H00) reflections can
then be written as

[Irpslas=4Hqf(q). (19)

3.2.5
Total asymmetric diffuse scattering T'5¢(q) can now
be written as

even

‘A’é(H,q)=4qu(q)+16ﬂquZ [ Y lehun(-1)™

odd
+ Y exp (iarHI)Isj‘,,.,.]. (20)
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The contribution to asymmetry from hQ, terms can
be calculated analytically from the -coefficients
obtained in step 1 using B-S analysis (§ 3.1). These
coefficients are not affected in the present scheme of
separating thermal and static components. f(q) can
then be obtained from the experimentally observed
asymmetry of diffuse scattering. In a similar manner
f(q) and hence I ps can be evaluated in different
directions of reciprocal space. In this way the contri-
bution from TDS can be obtained in a straightforward
manner without actually computing mode fre-
quencies using elastic constants. This method has the
further advantage of yielding Iyps over a range of
temperatures, and an additional knowledge regarding
the temperature dependence of various physical
parameters is no longer required.

Once the contribution from TDS has been sub-
tracted, the remaining diffuse intensity can be
reanalysed using the method outlined instep 1 (§ 3.1).
The coefficients thus obtained will have contributions
only from static displacements.

Concluding remarks

Hayakawa, Bardhan & Cohen (1975) suggest the
inclusion of higher powers of u in the expansion of
exp (iK.u) for observing the direct effect of tem-
perature factors, common to all contributions of
diffuse scattering. This is not strictly true [see equation
(7)] as 6° terms due to thermal vibrations suffice to
produce the above mentioned effect and higher
powers are not in general required. u” terms included
in the present formalism correspond to static distor-
tions and they are expected to yield information about
the strongly distorted neighbourhood around the core
of the SRO domain/cluster.
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We should also note a basic difference between
static and dynamic Debye-Waller (DW) factors.
Static distortions attenuate atomic form factors only
near fundamental reflections and do not modify scat-
tering elsewhere in the reciprocal space (Khanna,
1984). On the other hand, the dynamic DW factor,
in addition to affecting Bragg peaks, attenuates diffuse
scattering from other sources as well. This result has
an important implication. According to (7) the experi-
mental diffuse scattering data have to be weighted
by the thermal DW factor exp [—w,(Q)]. Since it is
rather difficult to calculate exp [—w,(Q)] accurately,
Bardhan & Cohen (1976) employed the ratio
I(100)/1(300) (for f.c.c. crystals) to obtain
exp [-2w(Q)]. Their claim, that the DW factor thus
obtained contains both static and dynamic contribu-
tions, is however not correct. 1(100)/1(300), the ratio
of scattered intensity at superlattice reflections, con-
tains only dynamic contributions and yields the cor-
rect DW factor needed to reduce the experimental
diffuse scattering data.

References

BARDHAN, B. & COHEN, J. B. (1976). Acta Cryst. A32, 597-614.
BORIE, B. & SPARKS, C. J. (1971). Acta Cryst. A27, 198-201.
COWLEY, J. M. (1950). J. Appl. Phys. 21, 24-30.

Das, S. K. & THOMAS, J. (1974). Order- Disorder Transformations
in Alloys, edited by H. WARLIAMONT, pp. 332-343. Berlin,
Heidelberg, New York: Springer-Verlag.

GRAGG, J. E.,, HAYAKAWA, M. & COHEN, J. B. (1973). J. Appl.
Cryst. 6, 59-66.

HAYAKAWA, M., BARDHAN, B. & COHEN, J. B. (1975). J. Appl.
Cryst. 8. 87-95.

HAYAKAWA, M. & COHEN, J. B. (1975). Acta Cryst. A31, 635-645.

KHANNA, R. (1982). PhD Thesis. Univ. of Madras, India.

KHANNA, R. (1984). Phys. Status Solidi A, 84, 95-101.

TiBBALLS. J. E. (1975). J. Appl. Cryst. 8, 111-114.

WILCHINSKY, Z. W. (1944). J. Appl. Phys. 15, 806-812.

WwiLLis, B. T. M. & PRYOR, A. W. (1975). Thermal Vibrations in
Crystallography. Cambridge Univ. Press.

On the Effective Physical Properties of Polycrystalline Materials

By J. IMHOF

Videoton Val, H-8002 Székesfehérvdr, Berényi iit, Hungary

(Received 28 March 1988; accepted 3 January 1989)

Abstract

An iteration method is presented for calculation of
the gross physical properties of polycrystals in terms
of the physical properties of the crystals. No assump-
tions are made concerning the shape or behaviour of

0108-7673/89/060357-05$03.00

the crystallites. The only mathematical condition to
be fulfilled is that the product of the matrix of a gross
physical property with its inverse must give a unit
matrix if the same is valid for the crystals. The method
is demonstrated by the calculation of the effective
elastic tensor of a hypothetical texturized polycrystal
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